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Abstract. Since minimum sum-of-squares clustering (MSSC) is an N P-
hard combinatorial optimization problem, applying techniques from global
optimization appears to be promising for reliably clustering numerical
data. In this paper, concepts of combinatorial heuristic optimization are
considered for approaching the MSSC: An iterated local search (ILS) ap-
proach is proposed which is capable of finding (near-)optimum solutions
very quickly. On gene expression data resulting from biological microar-
ray experiments, it is shown that ILS outperforms multi-start k-means
as well as three other clustering heuristics combined with k-means.

1 Introduction

Clustering can be considered as an optimization problem in which an assignment
of data vectors to clusters is desired, such that the sum of squared distances of
the vectors to their cluster mean (centroid) is minimal. Let Py, denote the set of
all partitions of X with X = {x1,...,z,} denoting the data set of vectors with
x; € IR™ and C; denoting the i-th cluster with mean Z;. Thus, the objective is
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where d(-,-) is the Euclidean distance in IR™. Alternatively, we can formulate
the problem as searching for an assignment p of the vectors to the clusters with
C; ={j e{l,...,n}|plj] =i}. Thus, the objective becomes
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This combinatorial problem is called the minimum sum-of-squares clustering
(MSSC) problem and is known to be N P-hard [1]. Although exact optimization
algorithms for clustering criteria exist [2, 3], their application is limited to small
data sets.



Clustering algorithms have received renewed attention in the field of bioinfor-
matics due to the breakthrough of microarrays. This technology allows monitor-
ing simultaneously the expression patterns of thousands of genes with enormous
promise to help genetics to understand the genome [4, 5]. Since a huge amount of
data is produced during microarray experiments, clustering techniques are used
to extract the fundamental patterns of gene expression inherent in the data.
Several clustering algorithms have been proposed for gene expression profile
analysis: Eisen et al. [6] applied a hierarchical average link clustering algorithm
to identify groups of co-regulated genes in the yeast cell cycle. In [7], the k-means
algorithm was used for clustering yeast data and in [8], a comparison of several
approaches was made including k-means with average link initialization, which
performed well for all tested data sets.

The k-means algorithm is a heuristic which minimizes the sum-of-squares
criterion provided an initial assignment/choice of centroids. The number k of
clusters is fixed during its run. The k-means heuristic can in fact be regarded as
a local search heuristic for this hard combinatorial optimization problem. It is
well-known that the effectiveness of k-means highly depends on the initial choice
of centroids [9, 10].

Since iterated local search (ILS) is known to be highly effective for several
combinatorial optimization problems such as the traveling salesman problem
[11], the application of ILS to the MSSC appears to be promising,.

In this paper, iterated local search for clustering gene expression profiles
using the k-means heuristic is proposed. It is shown that instead of repeatedly
starting k-means to find better local optima, the ILS framework is much more
effective in finding near optimum solutions quickly for the investigated data sets.

The paper is organized as follows. The general ILS framework is described in
section 2. In section 3, an ILS approach to minmum-sum-of-squares clustering
is introduced. In section 4, distance measures for comparing clustering solutions
are provided. The ILS approach is applied for clustering gene expression data in
section 5. Section 6 concludes the paper and outlines areas for future research.

2 TIterated Local Search

Per definition, local search heuristics suffer from the fact that they get trapped in
local optima with respect to some objective function. In fact, for N P-hard combi-
natorial problems, there is no known polynomial time algorithm that guarantees
to find the optimum solution. Hence, the only practical way is to approach these
problems with heuristics. Local search algorithms are improvement heuristics
which often produce near-optimum solutions very quickly. To improve these lo-
cal optimum solutions, additional techniques are required. Iterated Local Search
(ILS) [12] is such a technique which is very simple but known to be powerful. A
famous example is the iterated Lin-Kernighan heuristic for the traveling sales-
man problem [11], which is one of the best performing heuristics for the traveling
salesman problem to date.



The basic idea behind ILS is as follows: A local search is applied to an initial
solution either generated randomly or with some constructive heuristic. Then,
repeatedly, the current local optimum is mutated, i. e. slightly modified, and
the local search procedure is applied to reach another local optimum. If the new
local optimum has a better objective value, the solution is accepted as the new
current solution. The outline of the algorithm is provided in Fig. 1.

procedure Iterated-Local-Search(nmas : IN) : S;
begin
Create starting solution s;
s := Local-Search(s);
n = 0;
repeat
s' := Mutate(s);
s’ := Local-Search(s’);
if f(s') < f(s) then s:=s;
n:=n+1;
until n = npez;
return s;
end;

Fig. 1. Iterated Local Search pseudo code.

ILS provides a simple extension to local search. In contrast to Multi-Start Lo-
cal search (MLS), in which repeatedly local search is applied to newly randomly
generated solutions, some information is preserved from previous iterations in
ILS.

ILS can be considered as an evolutionary algorithm incorporating local search.
In fact, it is a special case of a memetic algorithm [13, 14], with a population size
of one. In terms of evolutionary algorithms ILS can be regarded as a (14+1)-ES
(Evolution Strategy) with additional local search. Compared to common evo-
lutionary algorithms, mutation is aimed at escaping from a local optimum and
thus much more disruptive than mutation for neighborhood searching.

3 ILS for Clustering

There are two operators in ILS specific to the problem: (a) the local search,
and (b) the mutation operator. Both operators used in our ILS for MSSC are
described in the following.



3.1 Initialization and Local Search

In our ILS, local search is performed using the k-means heuristic [15, 16]: Given
k centroid vectors aj, for each input vector z; € X the nearest centroid s;
is determined and the vector z; is associated with the corresponding cluster.
Afterwards, all centroid vectors are recalculated by calculating the mean of the
vectors in each cluster. This procedure is repeated until the partition does no
longer change, and thus a local optimum is reached.

The initial solutions in ILS for MSSC are generated by randomly selecting
input vectors as initial cluster centers for the k-means.

Variants to the k-means heuristic above may be used within the framework,
such as k-means using k-d trees [17-19] and X-means [20]. For prove of concept
we concentrate on the simple k-means described above.

3.2 The Mutation Operator

The mutation operator used in ILS works as follows: A randomly chosen mean
vector a; (1 < j < K) is replaced by a randomly chosen input vector z; (1 <
i < N).

4 Comparing Clustering Solutions

To allow a comparison of clusters produced by the clustering algorithms used in
our studies, we define two distance measures between clustering solutions. The
first defines a distance between two assignments p and ¢ by the formula

D(p,q) =Y d*(&ppi), Eqpa))- (3)
=1

We will refer to this distance measure as the means distance. However, the value
of this distance metric cannot be interpreted easily. It would be helpful to have a
measure indicating how many input vectors have been assigned to different clus-
ters. Furthermore, a measure independent of the values of the centroids allows
to compare clustering solutions obtained by other heuristics not using centroids
at all.

Therefore, we propose another technique called matching to provide a mea-
sure for (dis-)similarity of clustering solutions (assignments). Matching works as
follows. First, a counter for common vectors is set to zero. Then, for each cluster
i of solution A, find the cluster j of solution B containing the most vectors of
cluster 7. Additionally, find the cluster k from solution A containing most vectors
of cluster j. If k equals ¢, we have a matching and the counter is incremented
by the number of vectors contained in cluster 4 of solution A and also in cluster
j of solution B. If we have done the matching for all clusters in solution A,
the counter contains the total number of vectors assigned to matching clusters.
The distance of solutions A and B is simply the difference of the total number



of input vectors and the number of matching vectors. This distance measure is
easily interpreted since it provides a measure of how many vectors have been
assigned to ’different’ clusters in the two solutions. In the following, we refer to
this distance as the matching distance.

5 Computational Experiments

We compared the iterated local search (ILS) utilizing the mutation operator
described above with a multi-start k-means local search (MLS). In the MLS, a
predefined number of times a start configuration is randomly generated and the
k-means algorithm is applied. The best solution found is reported.

All algorithms were implemented in Java 1.4. Instead of comparing absolute
running times, we provide the number of k-means iterations performed by the
algorithms to have a measure independent of programming language or code
optimizations.

5.1 The Gene Expression Data Sets

The first data set denoted as HL-60 is taken from [21] and contains data from
macrophage differentiation experiments. The data consists of 7229 genes and
expression levels at 4 time points. We applied a variation filter which discarded
all genes with an absolute change in expression level less than or equal to 5. The
number of genes which passed the filter was 3230. The vectors were normalized
afterwards to have mean 0 and variance 1, as described in [7].

The second data set denoted as HD-4CL is also taken from [21] and contains
data from hematopoietic differentiation experiments across 4 cell lines. The data
consists of 7229 genes, 17 samples each. We applied the same variation filter as
above which discarded all genes with an absolute change in expression level
less than or equal to 5. The number of genes which passed the filter was 2046.
Afterwards, the vectors were normalized to have mean 0 and variance 1.

The third data set is denoted as Cho-Yeast and is described in [22]. It contains
the expression levels of 6565 yeast genes measured at 17 time points over two
complete cell cycles. As in [7], we discarded the time points at 90 and 100 min,
leading to a 15 dimensional space. A variation filter was used which discarded
all genes with an absolute change in expression level less than or equal to 50 and
an expression level of max/min < 2.0. The resulting number of genes was 2931.
Again, the vectors were normalized afterwards to have mean 0 and variance 1.

To study the capability of ILS to find globally optimum solutions, the fourth
and fifth data set were randomly generated with 5000 and 6000 vectors, denoted
DS-5000 and DS-6000, respectively. The main vectors were generated with 16
time points: For each cluster, the cluster center = (x1,...,216) was generated
as follows. 1 was chosen with a uniform random distribution, and all other
x; by an AR(1) process such that x;1; = x; + €;, where ¢; is a normally dis-
tributed random number. All other cluster members were chosen to be normally



distributed ’around’ the cluster center. No variation filter was applied and the
vectors were normalized as described above.

The number of clusters for the clustering were taken from [7] for Cho-Yeast
(k = 30), and from [21] for the data sets HL-60 (k = 12), HD-4CL (k = 24). For
the data sets DS-5000 and DS-6000, k& was set to the known number of clusters
in the experiments: k = 25 and k = 30, respectively.

5.2 ILS Performance

In the experiments, the ILS algorithm was run with a maximum number of
iterations n,,4. set to 2000. Analogously, the MLS was run by calling k-means
2000 times. This way, the number of local searches was set to 2000 in both cases.

The results for MLS and ILS are reported in Table 1. For each data set and

Table 1. Comparison of Iterated Local Search and Multi-Start Local Search

Data Set  Algorithm No. LS TIter LS Best Avg. Obj. Excess
HL-60 MLS 2000.0 95896.7 1749.86 1749.90 0.00%
ILS 164.9 5660.2 1749.85 1749.89  0.00%
HD4CL MLS 2000.0 61435.9 12476.92  12493.51 0.47%
ILS 1721.5 26186.2 12434.91 12441.91 0.05%
Cho-Yeast MLS 2000.0 74632.5 16966.78 16984.32 0.46%
ILS 2000.0 32652.8 16905.22 16915.77 0.08%
DS-5000 MLS 2000.0 35954.7 3192.35 3497.14  9.55%
ILS 207.4  2560.4 3192.35 3192.35 0.00%
DS-6000 MLS 2000.0 40929.9 5868.59 6314.74 8.65%
ILS 272.1 34749 5811.82 5811.82 0.00%

algorithm, the average number of local searches (No. LS), the average number
of local search iterations (Tter LS), the best objective found (best), the average
best objective found (Avg. Obj.), and the average percentage excess over the
optimum or best-known solution (Excess) is displayed. For each algorithm, 30
independent runs were performed.

The results show that ILS is clearly superior to MLS. ILS achieves better
average and best objective values than MLS for all tested data sets. Moreover,
ILS is at least more than two times faster. As can be seen for the data set Cho-
Yeast, the number of iterations within k-means is more than two times lower in
ILS than in MLS. This is due to the fact that mutation changes a local optimum
solution only slightly and thus a new local optimum is reached with much fewer
k-means iterations. In case of the largest data sets DS-5000 and DS-6000, the
optimum partition is found in all runs with an average number of 207.4 and
372.1 ILS iterations, respectively.



The results of ILS are comparable with those reported in [23]. However, ILS
outperforms the memetic algorithms in [23] on the data set Cho-Yeast, and the
running times in terms of k-means iterations is lower for data sets DS-5000 and
DS-6000.

5.3 Comparison with other Heuristics

To assess the performance of our ILS approach, we conducted experiments with
three other clustering algorithms from the bioinformatics literature. These al-
gorithms use k-means but with a different initialization. The first algorithm
denoted ’Average-Link+k-means’ is an agglomerative hierarchical clustering al-
gorithm combined with k-means. Starting with each vector in its own cluster,
it works by stepwise merging the two clusters with the greatest similarity. The
cluster similarity is determined by the average pairwise similarity between the
genes in the clusters. The algorithm terminates if a predefined number of clusters
is produced and k-means has been applied to the resulting solution. This com-
bination has been shown to be superior to several other clustering approaches
[8] for gene expression profiles.

Table 2. Comparison of the solution quality of three heuristics for the MSSC

Data Set  Algorithm Objective  Excess
Average-Link + k-Means 1753.93  0.23 %
HL-60 Farthest-Split + k-Means 1818.74 3.94 %
MST-Cut + k-Means 1756.33  0.37 %
Average-Link + k-Means  12824.10 3.13 %
HD-4CL  Farthest-Split + k-Means 12881.83  3.59 %
MST-Cut + k-Means 12666.80 1.86 %
Average-Link + k-Means  17118.25 1.28 %
Cho-Yeast Farthest-Split + k-Means 17196.08 1.74 %
MST-Cut + k-Means 17313.77 243 %
Average-Link + k-Means 3865.94 21.1 %
DS-5000  Farthest-Split + k-Means ~ 4354.12 36.39 %

MST-Cut + k-Means 4359.50 36.56 %
Average-Link k-Means 6954.48 19.66 %
DS-6000  Farthest-Split + k-Means ~ 9600.66 65.19 %
MST-Cut + k-Means 8213.83 41.33 %

The second algorithm denoted "Farthest-Split + k-Means’ is a divisive hier-
archical algorithm used in [7] to cluster the yeast data and works as follows. The
first cluster center is chosen as the centroid of the entire data set and subsequent



centers are chosen by finding the data point farthest from the centers already
chosen. If the desired number of clusters is reached, the process is terminated
and the k-means heuristic is applied. The third algorithm denoted by '"MST-Cut
+ k-Means’ is a combination of the k-Means heuristic and a heuristic utilizing
minimum spanning trees as proposed in [24] for gene expression data clustering,.
The latter works by calculating the minimum spanning tree for the graph defined
by the data set and cutting the tree at its & — 1 longest edges. The resulting
connected components of the tree define the k clusters.

The three algorithms were applied to the same data sets as ILS above. The
results are displayed in Table 2. In the table, the objective value (Objective) in
terms of the minimum sum-of-squares criterion is displayed as well as the per-
centage excess over the optimum or best-known objective value (Excess) found
by ILS is presented. As the results show, these sophisticated heuristics are not ca-
pable of finding the globally optimum solution. The first heuristic 'Average-Link
+ k-Means’ performs reasonably well in all the cases and is only outperformed
by '"MST-Cut 4+ k-Means’ on the data set HD-4CL. However, all heuristics can
not achieve the clustering quality of ILS. In case of the largest instances, all
heuristics are even outperformed by the multi-start k-means heuristic. From
the combinatorial optimization perspective, these results are not surprising. In
many cases, ILS or the more sophisticated memetic algorithms are known to
outperform combinations of constructive heuristics and local search [11, 25, 26].

Since the cluster memberships are more important than the clustering error,
the distances to the best-known solutions for the heuristics are shown in Table 3.
Both matching distance and means distance are provided. Interestingly, for the

Table 3. Distances to best-known solutions found by ILS

Data Set  Algorithm Matching Distance Means Distance
Average-Link + k-Means 852.0 5379.0
Cho-Yeast Farthest-Split + k-Means 922.0 5744.0
MST-Cut + k-Means 1012.0 6202.0
Average-Link + k-Means 3.0 247.0
DS-5000  Farthest-Split + k-Means 155.0 707.0
MST-Cut + k-Means 70.0 711.0
Average-Link + k-Means 4.0 656.0
DS-6000  Farthest-Split + k-Means 428.0 2678.0
MST-Cut + k-Means 33.0 1314.0

data sets DS-5000 and DS-6000 the heuristics produce solutions which are similar
to the optimum solution in terms of cluster memberships. In case of the real
data set Cho-Yeast, however, they appear to be far away from the best-known
solution in terms of cluster memberships. Hence, to arrive at optimum clustering



solutions, it is not sufficient to use these heuristics proposed previously in the
bioinformatics literature. ILS appears to be much more robust in finding (near)-
optimum solutions to the N P-hard clustering problem. The results by ILS are
similar to the results found by memetic algorithms [23], but the algorithmic
framework is much simpler. Hence, at least for the data sets tested, the use of
sophisticated evolutionary algorithms is not required.

6 Conclusions

An new approach for minimum sum-of-squares clustering has been proposed
which is based on concepts of combinatorial heuristic optimization. The ap-
proach, called iterated local search (ILS), combines k-means with a simple and
powerful mechanism to escape out of local optima. It has been shown on gene
expression data from the bioinformatics literature, that ILS is capable of find-
ing optimum clustering solutions for data sets up to 6000 genes. Compared to
multi-start k-means, ILS is superior in respect to the best solution found and
the average best solution found while requiring less than half of the computa-
tion time. Moreover, it is demonstrated that more sophisticated initialization
mechanisms for k-means used in the bioinformatics literature such as average
linkage clustering, clustering by splitting off the farthest data point, and clus-
tering by partitioning minimum spanning trees does not lead to a clustering
quality achieved by ILS. Compared to the recently proposed memetic algorithms
for clustering, ILS performs comparable but requires much less implementation
efforts.

There are several issues for future research. The estimation of the number of
clusters has to be incorporated in the ILS algorithm. Moreover, the application
of large data sets with more than 100000 data points should be addressed in
further studies. Finally, different local search procedures and k-means variants
should be tested within the ILS framework.
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